Abstract. We study Galois points for a hypersurface X with dim Sing(X) ≤ dim X − 2. The purpose of this article is to determine the set ∆(X) of Galois points in characteristic zero:
Introduction
Let the base field K be an algebraically closed field of characteristic p ≥ 0 and let X ⊂ P n+1 be an irreducible and reduced hypersurface of dimension n and of degree d ≥ 4 with s(X) := dim Sing(X).
H. Yoshihara introduced the notion of Galois point (see [3, 7, 10, 11, 12] ). If the function field extension K(X)/K(P n ), induced from the projection π P : X P n from a point P ∈ P n+1 , is
Galois, then the point P is said to be Galois. In this paper a Galois point P means Galois point which is contained in the smooth locus X sm or P n+1 \ X, except for Subsection 3.1. Let ∆(X) (resp. ∆ ′ (X)) be the set of all Galois points contained in X sm (resp. P n+1 \ X). We are interested in the sets ∆(X) and ∆ ′ (X). If p = 0, n = 1 and X is smooth, then Yoshihara determined the sets ∆(X) and ∆ ′ (X) ( [10] ). If p > 0, n = 1 and X is smooth, then the first author determined in most cases ( [2, 3] ). If p = 0 and X is a smooth quartic surface, then Yoshihara determined the set ∆(X) completely ( [11] ). If K = C, n ≥ 2 and X is smooth, then Yoshihara gave sharp upper bounds on the cardinalities of ∆(X) and ∆ ′ (X) ( [12] ). If p = 0 and X is a normal quartic surface, then the second author determined the set ∆(X) ( [9] ). However, for a higher dimensional hypersurface with large singularities, there are few results.
The purpose of this article is to determine the sets ∆(X) and ∆ ′ (X) for a hypersurface of dimension n with s(X) = dim Sing(X) ≤ n − 2 in p = 0. We define the dimension of the empty set as −1. Our results are: 
where G ∈ K[X n−s , . . . , X n+1 ] has a multiple component. 
is finite; and
where ♯ means a linear join of algebraic sets.
To prove our Theorems, we need a hyperplane section theorem below. We denote by G P (X) the Galois group induced from P if P is a Galois point for a hypersurface X.
be a Galois point for X.
Then, the followings hold:
(i) A general hyperplane H passing through P satisfies the following condition:
, and a general tangent space of X H does not contain P .
(ii) Let H be a hyperplane passing through P and satisfying the condition (⋆). Then, the point P is Galois with respect to X H .
(iii) The Galois groups are isomorphic: G P (X) ∼ = G P (X H ) for any hyperplane H passing through P and satisfying (⋆).
In fact, this Theorem will be used for the proof of Propositions 1 and 2 in Subsection 3.1. It is remarkable, as in these Propositions, that the birational transformation induced by σ ∈ G P (X)
can be extended to a projective transformation on P n+1 when p = 0.
The hyperplane section theorem has other important applications. One application is to classify the Galois group. Combining Theorem 4 with a result on the structure of G P (C) for a smooth plane curve C with a Galois point P obtained in [2] , we have the following:
where l is not divisible by p if p > 0.
Then, l divides p e − 1 and the Galois group G P is isomorphic to the semidirect product of (Z/pZ) ⊕e (as a normal subgroup) and Z/lZ (as a quotient).
Another application is to determine the distribution of Galois points for a Fermat hypersurface F n (q + 1) ⊂ P n+1 of degree q + 1 ≥ 4 in p > 0 where q is a power of p. Homma [5] determined the distribution of Galois points for a Hermitian curve in P 2 , which is defined by
Note that the Hermitian curve is projectively equivalent to F 1 (q + 1) over F q 2 . We will generalize
Homma's result.
Theorem 5. A point P ∈ P n+1 is Galois for F n (q + 1) if and only if P ∈ P n+1 is F q 2 -rational.
Note that Theorem 5 implies that Theorems 1 and 2 do not hold in p > 0. In the final section,
we give examples which are not cones and have infinitely many Galois points. Especially, Example 2 implies that Theorem 3 does not hold in p > 0.
Proof of Theorem 4
In this section, X ⊂ P n+1 is an irreducible hypersurface of degree d ≥ 4 with s(X) = dim Sing(X) ≤ n − 2, otherwise specified. We denote byP n+1 the dual projective space, which parameterizes hyperplanes in P n+1 . We denote by T x X ⊂ P n+1 the projective tangent space at x ∈ X sm . We have the Gauss map γ : X sm →P n+1 ; x → T x X. We note the following elementary fact:
A hyperplane H coincides with the tangent space T x X ⊂ P n+1 at a smooth point x ∈ X if and only if the scheme X ∩ H is singular at x ∈ X ∩ H.
Let V P ⊂P n+1 be the set of all hyperplanes which pass through P and let S X ⊂P n+1 be the set of all hyperplanes which contain some irreducible component Y of the singular locus of X with dim Y = s(X). We have the following assertion of Bertini type in arbitrary characteristic (cf. the proof of [4, II, 8 .18]).
Note 2. Assume that 0 ≤ s(X) ≤ n − 2 (resp. s(X) = −1). For any hyperplane H ∈ V P \ (γ(X sm ) ∪ S X ), the hyperplane cut X H := X ∩ H is an irreducible hypersurface of degree d with
A point P ∈ P n+1 is called a strange center if the tangent space T x X contain P for a general point x ∈ X.
Note 3. The projection π P : X P n is generically finite and separable if and only if P ∈ P n+1 is not a strange center.
Now we assume that π P is separable and generically finite onto its image. Then, the differential
n is isomorphic at a general point Q ∈ X, where T Q X is the Zariski tangent space at Q. We denote by U P the maximal open set of X sm such that the differential map
n is isomorphic for any Q ∈ U P . We denote by Σ P ⊂P n+1 the finite set consisting of hyperplanes H such that X ∩ H is contained in X \ U P (as a set). On the other hand, we note the following:
Combining above Notes, we have the following:
s(X) = −1). Assume that P is not a strange center. Then, we have the followings:
Then, H satisfies the condition (⋆).
Now assume that P is a Galois point. Let G P be the Galois group. Then, we find easily that P is not a strange center. Therefore, V P \ (γ(X sm ) ∪ S X ∪ Σ P ) = ∅ as in Lemma 1. Then, we can consider σ ∈ G P as a birational map from X to itself. Needless to say, σ is defined and isomorphic at a general point of X. We denote by the maximal open subset U σ such that σ is defined and isomorphic over U σ . It follows from a certain elementary lemma [4, V. Lemma 5.1] that X \ U σ is of codimension ≥ 2. Therefore, we have:
We also define U G := σ∈GP U σ . We have the following natural property in Galois extension
Lemma 2. Let P be a Galois point. For any points Q ∈ U G and R ∈ U P with π P (Q) = π P (R),
Proof. Assume that σ(Q) = R for any σ ∈ G P . We take a function f ∈ σ O σ(Q) ∩ O R such that f (σ(Q)) = 0 for any σ ∈ G P and f (R) = 0. Then, we consider the function g = σ σ * f . For any σ ∈ G P , we have σ * g = g. Therefore, we find that g ∈ O πP (R) . Note that g ∈ m πP (R) because of π * P m π(R) = m R by R ∈ U P , where m R is the maximal ideal of the local ring of O R . This implies that 0 = g(π P (Q)) = g(π P (R)) = 0. This is a contradiction.
Proof of Theorem 4.
Assume that P is Galois. We have Theorem 4 (i) by Lemma 1. Let d 0 be the degree of the function field extension K(X)/π * P K(P n ). Let H be any hyperplane passing through P and satisfying the condition (⋆). Then, we consider a group morphism
follows from Note 5 that σ is defined and isomorphic at a general point of X H . We also find that σ(X H ) = X H . Therefore, φ(H, P ) is well-defined. Now we prove that φ(H, P ) is an injection.
We assume that σ| XH = id XH and σ = id X . Then, σ(Q) = Q for any Q ∈ X H . It follows from Lemma 2 that the cardinality X H ∩ l \ P is at most d 0 − 1 for a general line l in H containing P .
If dim X H = 1, then l is a tangent line of X H by Bézout theorem. However, this is a contradiction with (⋆). If dim X H > 1, then this is also a contradiction by taking some linear section of X H and using Lemma 1. Since the order of G is at most d 0 , φ is an isomorphism. Therefore, P is a Galois point for X H . We have (ii) and (iii).
Remark 1. It seems to be already known that the assertion in Theorem 4 holds when p = 0, s(X) ≤ 0 and H ∈ V P is assumed to be general in (ii) (cf. [9] , [11, Proposition 2.5], [12] ). Yoshihara [14] also informed the first author an idea of the proof in this case.
Galois points for a normal hypersurface in characteristic zero
In this section, we assume that p = 0.
3.1. Preliminaries. Let X ⊂ P n+1 be an irreducible and reduced hypersurface of degree d and P a point in P n+1 . If P ∈ X, then we define the multiplicity of X at P as 0. Let (X 0 : X 1 : · · · :
a system of affine coordinates, and we assume that P = (0, 0, . . . , 0). Let F (X 0 , X 1 , . . . , X n+1 ) = 0 be the defining homogeneous equation of X, and (1) m The multiplicity at P is m, f m divides f m+1 , and 
Furthermore, P is Galois and the Galois group G P (X) is a cyclic group of order d − m, if one of the conditions holds.
Proof. First let us prove the implication (1) 
polynomial of degree one, let us put
where
By using (1) m , we have
we have the assertion of (2) m . Now we prove (2) m ⇒ (1) m . Let φ be the projective transformation as in the condition (2) m and let ψ be the inverse, and letX i = ψ * X i for 0 ≤ i ≤ n + 1. Then, by the assumption,
. . ,X n+1 ) = 0. Let A ψ be a matrix representing ψ. Since ψ(P ) = P , we may assume
The proof of (2) Below, we assume that s(X) ≤ n − 2 and a Galois point is contained in X sm ∪ (P n+1 \ X). We have the following Proposition, by Lemma 3 and Theorem 4.
Proposition 1.
We consider the following weaker condition than (3) 1 :
Then, the three conditions (1) 1 , (2) 1 and (3 ′ ) 1 are equivalent.
is a restriction of a projective transformation of P n+1 .
Proof. The implications (1) 1 ⇔ (2) 1 and (2) 1 ⇒ (3 ′ ) 1 are clear from Lemma 3.
Let us prove the implication (3 ′ ) 1 ⇒ (1) 1 by induction on the dimension n. If n = 1, then it holds by [10, Proposition 5] and the implication of (2) 1 ⇒ (1) 1 in Lemma 3. We assume that n ≥ 2 and P is a smooth Galois point. Let H be a general hyperplane given by the equation
, where a i ∈ K. We putx = a 2 x 2 + · · · + a n+1 x n+1 . Then, from Theorem 4, X H := X ∩ H satisfies the condition (⋆), and P is a smooth Galois point with respect to X P . Hence, by the assumption of the induction, we have that f 1 (x, x 1 , . . . , x n+1 ) = 0,
, for a general (a 2 , . . . , a n+1 ). This implies the assertion (1) 1 . From Lemma 1, we infer the following remark, which is useful to find smooth Galois points.
Remark 2.
(1) If P ∈ X sm is a Galois point, then T P X ∩ X is a (possibly reducible) cone and P is its vertex.
(2) Let H = H(F ) be the Hessian of F . If P ∈ X sm is a Galois point, then H(F )(P ) = 0.
Similar to Proposition 1, we have the following: Proposition 2. We consider the following weaker condition than (3) 0 :
Then, the three conditions (1) 0 , (2) 0 and (3 ′ ) 0 are equivalent.
Especially, if P ∈ P n+1 \ X is Galois, then the birational transformation of X induced by
Propositions 1 and 2 imply that some methods by Yoshihara [12] for smooth hypersurfaces are available also for normal hypersurfaces in our situation. We introduce the following:
Definition 1. Let P be a Galois point. Then, the set F P := {Q ∈ P n+1 |σ(Q) = Q for any σ ∈ G P (X)} \ {P } is a hyperplane. We call F P the fixed hyperplane at P .
Note that F P is defined by X 0 = 0 if the defining polynomial has the form in Lemma 3 (2).
Now we mention independent Galois points, which is a useful notion to count the number of Galois
points ([12, Definition 4]).
Definition 2. A set of Galois points {P 0 , . . . , P r } is said to be independent (or, simply, points P 0 , . . . , P r are said to be independent) if for any two points P i and P j (0 ≤ i, j ≤ r) all the Galois points for X lying on the line P i P j are exactly P i and P j .
We have the following lemma also for normal hypersurfaces by copying the proof of [12, Lemma 3] .
Lemma 4. If P 0 , . . . , P r are independent Galois points, then we can choose coordinates (X 0 , . . . , X n+1 ) Especially we have r ≤ n + 1.
3.2. Distribution of Galois points for a cone variety. Firstly, we mention the distribution of Galois points for a cone variety. We does not assume the normality of X in this subsection, that is, s(X) may be n − 1. Assume that X ⊂ P n+1 is a cone. Then, there exists a linear space M 1
and M 2 in P n+1 with M 1 ∩ M 2 = ∅ and M 1 ♯M 2 = P n+1 such that Y := X ∩ M 1 is an irreducible hypersurface and M 2 is the maximal vertex (i.e. M 2 is the vertex with maximal dimension). Let n − a be the dimension of M 2 (with 0 ≤ n − a ≤ n − 2). Then, we may assume that M 1 is defined by X a+1 = · · · = X n+1 = 0, M 2 is defined by X 0 = · · · = X a = 0 and X is defined by
Lemma 5. Let P ∈ M 1 and Q ∈ (P ♯M 2 ) \ M 2 . Then, P is Galois for X if and only if Q is Galois for X.
Proof. By direct computations, π P and π Q induce the same function field extension.
Lemma 6. Let P ∈ M 1 . Then, P is Galois for Y if and only if P is Galois for X.
Proof. By taking suitable coordinates, we may assume that P = (1 : 0 : · · · : 0), and π P : X P n is given by (X 0 :
. . , X n+1 /X 1 ) be a system of affine coordinates. We have K(P a−1 ) = k(x 2 , . . . , x a ),
tively. Since X and Y are given by the same equation
Let L X and L Y be splitting fields for p X (x) and p Y (x), respectively. Then, by [1, Theo-
It follows from Lemmas 5 and 6 that we have the following:
Proposition 3. Let X be a cone described as above. Then,
In particular, if X is a cone, then ∆(X) and ∆ ′ (X) are empty or infinite respectively.
Using this proposition, Theorem 3 will be proved by Propositions 4, 5 and 6 which will be proved in the next subsection.
3.3. Inner Galois points. In this subsection, we consider only Galois points contained in X sm .
Lemma 7. If l be a line lying on X, then the number of Galois points for X on l is zero, one, two or infinitely many. The last case occurs only if X is a cone.
Proof. Suppose that there exist three Galois points P 1 , P 2 and P 3 for X on l. Then, from Proposition 1, we may assume P 1 = (1 : 0 : · · · : 0) and X is given by the equation
Since l is contained in the tangent space at P 1 , we may assume that l is given by the equation
The Gauss map γ is given by
Here, we consider the restriction of γ to l, which is given by
where a i ∈ K is the coefficient of
in G. Assume that the restriction γ| l is not a constant map, i.e., there exists a non-zero coefficient a i for some i = 0, . . . , n − 1. Then, the map γ| l : l → γ| l (l) ∼ = P 1 is a finite morphism of degree d − 1. It is clear that the Galois point P 1 is a ramification point of γ| l . So, other Galois point P 2 and P 3 must be also ramification points. However, the number of ramification points of γ| l must be two, this is a contradiction. So we have that γ| l is a constant map. Especially, we have that
By Remark 2, T P1 X ∩ X is a cone and P 1 , P 2 and P 3 are its vertexes. We put that P 2 = (a : 0 : 1 : 0 : · · · : 0), P 3 = (b : 0 : 1 : 0 : · · · : 0) (a, b ∈ K) and assume that a = 0. Then, calculating the local equation of T P1 X at P 2 , we see that G(0, 1, X 3 , . . . , X n+1 ) is a homogeneous polynomial of degree d. Hence, we may assume that X is given by the equation
) is a homogeneous polynomial of degree i. Examining the condition (1) 1 of Lemma 3 at P 2 , we obtain that
Namely, X is given by the equation
and X is a cone with the vertex O = (0 : 0 : 1 : 0 : · · · : 0).
Lemma 8. Assume that d ≥ 5. If l is a line which does not lie on X, then the number of Galois points for X on l is at most one.
Proof. Suppose that there exist two Galois points for X on the line l. Then, we denote them by P and P ′ . From Proposition 1, we may assume that P = (1 : 0 : · · · : 0) and X is given by the
. . , X n+1 ). Note that if P ′ ∈ X is on the hyperplane X 0 = 0, then P ∈ T P ′ X. So, we infer from Remark 2 that P ′ is not on the hyperplane X 0 = 0. Hence, we may assume that P ′ = (1 : 1 : 0 · · · : 0) and l is given by the equations X 2 = · · · = X n+1 = 0. Then, the local equation of X at P ′ is the following:
where (w, u 2 , . . . , u n+1 ) = (X 0 /X 1 − 1, X 2 /X 1 , . . . , X n+1 /X 1 ) is a system of local coordinates.
) is a homogeneous polynomial of degree i. Examining Condition (1) 1 in Lemma 3, we obtain that
Comparing the coefficients of w 3 of both sides, then we have a contradiction, if d ≥ 5.
Proposition 4. If d ≥ 5 and ∆(X) is infinite, then X is a cone.
Proof. Suppose that ∆(X) is an infinite set. Then, we infer from Lemma 4 that there exist three smooth Galois points P 1 , P 2 , P 3 which are collinear. By Lemma 8, the line l passing through P 1 , P 2 , P 3 is contained in X. So, from Lemma 7, X is a cone. Proof. Let P 0 , . . . , P r form a set of independent inner Galois points. Suppose that r ≥ m+1. Then take a system of coordinates (X 0 , . . . , X n+1 ) satisfying that X j (P i ) = δ ji , where 0 ≤ i ≤ m + 1 and 0 ≤ j ≤ n + 1. By Lemma 4, we can assume that σ i is a diagonal matrix diag[ζ, . . . , ζ, 1, ζ, . . . , ζ],
we infer that F has the expression as
where A i and G are forms in K[X m+2 , . . . , X n+1 ], and deg
We may assume that A 0 , . . . , A t be a basis of the above vector space and
are represented by linear combinations of X m+2 , . . . , X m+t+2 . We consider the locus Γ which is defined by X m+2 = · · · = X m+t+2 = ∂F ∂Xm+2 = · · · = ∂F ∂Xn+1 = 0. We find easily that the locus Γ is contained in the singular locus of X. The dimension of Γ is at least (n+ 1)− (t+ 1 + n−m) = m− t. Now, m − t ≥ 2m − n + 1 ≥ s + 1. This is a contradiction. Now assume that r = m. Similar to the above discussion, F has the expression as
where A i and G are forms in K[X m+1 , . . . , X n+1 ], and deg A i = 1 and deg G = d. Let t = dim A 0 , . . . , A m − 1. Then, 0 ≤ t ≤ max{n − m, m}. We may assume that A 0 , . . . , A t be a basis of the above vector space and A 0 = X m+1 , . . . , A t = X m+t+1 . We consider the locus Γ which is defined
We find easily that the locus Γ is contained in the singular locus of X. The dimension of Γ is at least (n + 1)
Therefore, s ≥ m − t − 1. We have t ≥ m − s − 1. Then, we have the assertion. Now, we consider the case where d = 4.
Lemma 10. Assume that d = 4. Let P ∈ X be a Galois point, σ a generator of G P .
(1) If a smooth point Q on X \ T P X is Galois then σ(Q) = Q.
(2) Let P 1 := P, P 2 , P 3 , P 4 be distinct points in ∆(X). Further, we assume that these points are collinear and the line l passing through these points is not contained in X. Then, by taking a suitable projective transformation, we can express X as X 1 X (2) and that X is not a cone. Then, we have that
Proof. Let us prove the assertion (1) . Suppose that σ(Q) = Q. By the assumtion, the line P Q ⊂ X.
Therefore, P and Q are independent Galois points. By Proposition 1, we may assume that P = This contradicts the assumption.
Let us prove the assertion (2) . By Proposition 1, we may assume that P 1 = (1 : 0 : · · · : 0), X is given by the equation X 1 X 3 0 + G(X 1 , . . . , X n+1 ) = 0. The point P 2 is not contained in T P1 X nor F P . Therefore, we may assume that P 2 = (a : 1 : 0 : · · · : 0) and l is given by the
) is a homogeneous polynomial of degree i and G 0 = −a 3 . Let
By applying Corollary 3 at P 2 , we have
as a polynomial. This implies that G 1 = G 2 = G 3 = 0 and hence, the assertion.
Let us prove the assertion (3). By the assertion in (2), we may assume that P 1 = (1 : 0 : · · · : 0),
. . , X n+1 ) = 0, and l is given by the equations X 2 = · · · = X n+1 = 0. Suppose that there exists another point Q in ∆(X) \ T P1 X. By taking a suitable projective transformation, we may assume that Q = (a : 1 : 1 : 0 : · · · : 0). We put that
where H i = H i (X 3 , . . . , X n+1 ) is a homogeneous polynomial of degree i, and H 0 = −a 3 − 1. Let
as a polynomial. This implies that H 1 = H 2 = H 3 = 0 and
and X is a cone. Proof. Assume that X is not a cone. It follows from Lemma 7 that if a line l contains three Galois points, then l ⊂ X. Let P ∈ ∆(X). Then, we have ∆(X) \ F P ⊂ ∆(X) \ T P X, because the line P Q contains four Galois points if Q ∈ ∆(X) \ F P . It follows from Lemma 10 (3) that ∆(X) \ F P is a finite set.
Let P 1 be a point in ∆(X). Since ∆(X) \ F P1 is finite, we can take a point P 2 in ∆(X) ∩ F P1 .
Then, we infer that the set ∆(X)
) is finite and the set ∆(X) ∩ (F P1 ∩ F P2 ) is infinite. Hence, we can take a point P 3 in ∆(X) ∩ (F P1 ∩ F P2 ). In this way, we can take infinitely many points
Now we consider the case where ∆(X) is finite and non-empty. Then, X is not a cone by Proposition 3 in Subsection 3.2. Below in this subsection, we define r = r(X) := max ♯{P 0 , . . . , P b : independent Galois points on X} − 1 and let P 0 , . . . , P r form a set of independent Galois points. (Then, r ≤ m and r < m is possible.)
We also define µ := ♯{l : line |l contains four Galois points } − 1.
We have that −1 ≤ µ ≤ r by the following Lemma:
Lemma 11. Let P 0 , . . . , P r be independent Galois points and let Q ∈ X be a Galois point distinct from P 0 , . . . , P r . Assume that X is not a cone. Then,
Proof. Assume that the line P i Q consists exactly two Galois points for any i. Then, P 0 , . . . , P r , Q are independent Galois points. This contradicts the assumption on r. We have (1) . The assertion in (2) is derived from Lemma 10 (3).
Let P 0 , . . . , P µ be Galois points with lines l 0 , . . . , l µ , where P i ∈ l i and l i contains four Galois points. Using Corollary 3, Lemmas 10 and 11, for a suitable coordinate, we find that X is defined by [12, p. 532] ). Then, by direct computations, the singular locus is contained in a linear space defined by X 0 = · · · = X 2µ+1 = 0. This implies that s ≥ (n + 1) − (2µ + 2) and hence µ ≤ (n + s + 1)/2 − s − 1. Therefore, we have the following:
Proof of Theorem 1 (I-0)-(I-4). (0) Now, the number of inner Galois points is 4(µ + 1) + (r − µ).
Note that µ ≤ r ≤ m and µ ≤ m − s − 1, by Lemmas 9 and 12. Therefore, we have an upper bound 4(m − s) + (s + 1).
(1) We consider the case where n + s is odd. Then, 2m − s = n + 1. 
We have
as a polynomial by counting the dimension of the singularity (and that X is not a cone). Then, G = 0 as a polynomial. This implies s = −1.
(1-2) Assume that s ≥ 0, µ = m − s − 2 and r = m. Then, X is projectively equivalent to the hypersurface defined by where G ∈ K[X 2m−2s , . . . , X n+1 ]. Assume that r ≥ µ + 1. Then, s ≥ 0 and we can take
The singular locus is defined by We define t := n − dim 0≤i≤r T Pi X. We consider examples when n + s is even. Example 1. Let s ≥ 1 and n + s is even.
(i) A hypersurface in P n+1 defined by (ii) A hypersurface in P n+1 defined by Proof. Let P 1 , P 2 , P 3 ∈ ∆ ′ (X) ∩ l be distinct three outer Galois points and let σ ∈ G P1 be a generator. From Proposition 2, we may assume that P 1 = (1 : 0 : · · · : 0), X is defined by the equation
where G(X 1 , . . . , X n+1 ) is a homogeneous polynomial of degree d, and
Further, we may assume that l is defined by X 2 = · · · = X n+1 = 0. Note that l ∩ F P1 consists only one point. Therefore, P 2 or P 3 is not contained in F P1 at P 1 . We may assume that P 2 is so and P 2 = (1 : 1 : 0 : · · · : 0), since F P1 is given by X 0 = 0. Then, the local equation of X at P 2 is the following:
where (w, u 2 , . . . , u n+1 ) = (X 0 /X 1 − 1, X 2 /X 1 , . . . , X n+1 /X 1 ) is a system of local coordinates. We
) is a homogeneous polynomial of degree i. Examining the condition (1) 0 in Lemma 3, we obtain that
Calculating the coefficients of w and w 2 in the equation where i = 2, we see that g 0 = 0 and g 1 = 0.
Hence, we see that g 0 = · · · = g d−1 = 0. Thus, we conclude that X is defined by the following:
and X is a cone with a vertex Q = (0 : 1 : 0 : · · · : 0).
Proof. Assume that ∆ ′ (X) is infinite. Then, by lemma 4, there exists three outer Galois points which are collinear. By Lemma 13, we have that X is a cone.
Lemma 14. The cardinality of a set of independent outer Galois points is at most n − s + 1. The equality holds if and only if X is projectively equivalent to the hypersurface defined by
Therefore, X is smooth or a cone.
Furthermore, if s ≥ 0 and X is not a cone, then the cardinality of a set of independent outer
Galois points is at most n − s. Then, the equality holds if and only if X is projective equivalent to the hypersurface defined by
Proof. Let P 0 , . . . , P r are independent outer Galois points. Then take a system of coordinates (X 0 , . . . , X n+1 ) satisfying that X j (P i ) = δ ji , where 0 ≤ i ≤ m + 1 and 0 ≤ j ≤ n + 1. By Lemma 4, we can assume that σ i is a diagonal matrix diag[ζ, . . . , ζ, 1, ζ, . . . , ζ], where ζ = e d−1 . Since
where G ∈ K[X r+1 , . . . , X n+1 ]. Then, the singular locus is defined by
Therefore, s ≤ n + 1 − (r + 1). The equality holds if and only if G = 0 as a polynomial, hence X is smooth or a cone.
Assume that s ≥ 0 and X is not a cone. Then, r ≤ n, there exists j with r + 1 ≤ j ≤ n + 1 such that ∂G ∂Xj = 0 as a polynomial, and hence s ≤ n + 1 − (r + 2). The equality holds if and only if G has a multiple component.
Proof of Theorem 2. Assume that ∆
′ (X) is finite and non-empty. Then, X is not a cone by Proposition 3 in Subsection 3.2, and the set ∆ ′ (X) is independent by Lemma 13. Therefore, we have the conclusion by Lemma 14.
4. Galois points for a Fermat hypersurface of degree p e + 1 in p > 0 Let p > 0 and q ≥ 3 be a power of p. We consider the Fermat hypersurface F n (q + 1) ⊂ P n+1 of degree q + 1:
Firstly, we prove the "if" part of Theorem 5. Homma gave an elegant proof if n = 1 by using automorphisms of Hermitian curve ([5, Claims 1 and 2]). We give an elementary proof.
Proposition 7. If P ∈ P n+1 is F q 2 -rational, then P is Galois for F n (q + 1).
Proof. Let P = (1 : a 1 : · · · : a n+1 ) and π P = (X 1 − a 1 X 0 : · · · : X n+1 − a n+1 X 0 ) be the projection from P . Then, we have a field extension K(x 0 , . . . , x n )/K(x 1 , . . . , x n ) with f (x 0 , . . . , If P ∈ X and P is F q 2 -rational, then f (x 0 , . . . , x n ) = (a We assume that P ∈ P n+1 \ X and P is F q 2 -rational. Let β(x 1 , . . . , x n ) = (a (x 1 , . . . , x n ). Therefore, our extension is cyclic.
Next, we prove the "only-if" part. We will use the result of Homma [5, Claim 3] with n = 1, because we will use induction on the dimension n.
Proposition 8. If P ∈ P n+1 is a Galois point for F n (q + 1), then P is F q 2 -rational.
Proof. Let P = (1 : a 1 : · · · : a n+1 ). We may assume that i 0 is an integer such that a i = 0 and 1 + a We take a linear transformation φ i on H i ∼ = P n defined as follows: (1 : x 1 : · · · : x i−1 :
x i+1 : · · · : x n+1 ) → (1 :
: · · · :
). Then φ i (X ∩ H i ) is the Fermat hypersurface in H i ∼ = P n . Note that H i satisfies the condition (⋆) in Theorem 4.
We will prove the assertion by induction on the dimension n. If n = 1, then the assertion holds by a result of Homma [5] . We assume that n ≥ 2 and P is a Galois point. It follows from Theorem 4 (ii) that P is also Galois for X ∩ H i . By the assumption of the induction, φ i (P ) is a F q 2 -rational point. Now we have have a i ∈ F q 2 for any i.
Examples
We give examples of hypersurfaces which have infinitely many Galois points and are not cones, in p > 0.
Example 2. Let X ⊂ P 3 be a hypersurface defined by (ii) X is not a cone.
(iii) L \ {P, Q} ⊂ ∆(X).
